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Abstract 

We prove general a priori estimates of solutions of a class of quasilinear elliptic sys- 
tem on Carnot groups. As a consequence, we obtain several non-existence theorems. 
The results are new even in the Euclidean setting. 
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1 Introduction 

As it is well known, one of the main problems in the theory of nonlinear partial differ- 
ential equations is to find a priori bounds on the possible solutions of the problem under 
consideration. This information is crucial from several point of view. 

On one hand the bounds that one can prove may be used for improved regularity 
properties of the solutions and on the other hand these results are crucial for establishing 
special qualitative properties of them. For a recent contribution in this direction see 
D'Ambrosio, Farina and Mitidieri [11] and D'Ambrosio and Mitidieri |15j . 

In this paper we consider a class of quasilinear elliptic systems on Carnot groups and 
prove general a priori estimates of positive solutions in an open set of M. N . 

There are several recent studies dealing with this problem in the Euclidean framework. 
See for instance [HI [HI (2H [H [2H [H] . 
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To our knowledge, this is the first attemp to prove general estimates of solutions of 
quasilinear systems on structures which are not necessarily Euclidean. 

Among other possibilities, this allows to extend known existence results related to 
the classical Dirichlet problem in Euclidean setting to the Carnot framework by using 
topological methods via blow-up procedure in the same spirit of [EH [HJ [TJ |27] • 

In this paper we prove a priori estimates for the solutions of elliptic systems in an 
open set Q C involving quasilinear operators in divergence form. As a consequence, 
we obtain some nonexistence results for these problems in all of TSL N . 

Earlier contributions on the nonexistence question for semilinear scalar subelliptic prob- 
lems with power nonlinearities were obtained by Capuzzo-Dolcetta and Cutri [6j, Birindelli, 
Capuzzo-Dolcetta and Cutri [3j. The quasilinear case was studied by D'Ambrosio [9]. 
More recently, for general nonlinearties, the quasilinear scalar case has been studied in 
D'Ambrosio and Mitidieri [12], [T3] and [13]. 

The results proved in this paper are new even in the Euclidean setting. 

To be more precise our aim is to study problems of the type, 

-div(£f p (x,u,Vu)) > f(x,u,v) on O, 

-div(g/ q (x, v, Vv )) > g(x, u, v) on SI, (P) 



where, 



u > 0, v > on f2, 



#f p , £/ q : n x E x R N -> R N 



are strongly-p-coercive and strongly-g-coercive (p, q > 1) respectively, and 

/, g : $7 x [0, oo) x [0, oo) — > [0, oo) 

are Carathedory functions. On the possible solution (u, v) of (P), we do not require any 
kind of behavior near the boundary of £1 or at infinity. 

Throughout this work, we shall essentially use the same ideas as in [12] , where we deal 
with general estimates of solutions of scalar differential inequalities. 

One of the typical result proved in this paper in the Euclidean setting is the following. 
Let Q = M. N , f(x,u,v) = f(v) and g(x,u,v) = g{u). Suppose that the following local 
assumptions on the behavior near zero of / and g hold: 

/(*) 

liminf-^->0 {possibly + oo), with a > 0, (/o) 

lirriinf ^y- > (possibly + oo), with b > 0. (go) 
Let (u,v) be a weak solution of (P) such that essinf K jv u = essinf K jv v = 0. If 

minliV-p- (p-l)?, N-q-(q-l)-\ < N ^— l ^L— l l (1.1) 
I b a J ab 
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then u = v = a.e in R N . See Theorem 15.61 below. 

We point out that the results proved in this paper are sharp. To see this, one needs 
only to slightly modify the examples contained in [12, 14J. We shall omit the tedious 
details. 

As a concrete illustration of other results proved in this paper (see Section 0]) we have. 
Let a € R and let h : M —>]0, +oo[ be a continuous function, then the problem 

'-Au>v a , on R 3 , 

< -Av > h(u){\ -cos it), on R 3 , (1.2) 
u > 0, v > 0, 

has no non constant weak solutions. For details see Example 14. 101 
Another example of application is the following. 

Let 7, 5 € R and let h : R + x R+ — > [0, +oo[ be a continuous nonnegative function. 
Then the system 

' -div(\Vu\ p - 2 Vu) >\v- 1| 7 , on R N , 

< -div(\Vv\ q ~ 2 Vv) >v 5 + h(u,v), on R N , (1.3) 
u > 0, u > 0, 

has no weak solutions. See Example 14.111 for a generalized version and details. 

The paper is organized as follows. In Section[2]we give some definitions and present few 
preliminary results focusing on the weak Harnack inequality and some of its consequences. 
Section [3] is devoted to the general a priori estimates for weak solutions of problem (P), 
while in Section 0] we prove our main results concerning the non-existence of non-trivial 
solutions of (P). Section [5] contains some indications on some extensions of the results 
obtained in the preceding sections to general classes of quasilinear differential operators. 
Finally in Appendix [6] we quote some well known facts on Carnot groups. 

2 Preliminaries 

Throughout this paper we shall use some concepts briefly described in the Appendix [6l 
For further details related to Carnot groups the interested reader may refer to [3]. 

To begin with let us fix a homogeneous norm S. For R > 0, we consider Br the ball 
of radius R > generated by S, i.e. Br := {x : S(x) < R}. We shall also denote by Ar 
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the annulus B2R \ Br. By using the dilation Sr and the fact that the Jacobian of 5r is 
we have 

\B R \= [ dx = R Q [ dx = w s R Q and \A R \ = w s (2 Q - l)R Q , 
Jb r Jb 1 

where ws is the Lebesgue measure of the unit ball B\ in R^. 
Let p > 1 and denote by the space 

KIM ■= {u 6 Lfjn) : |V^| € Lfjn)} . 
Consider the system of inequalities 

-div L (\V L u\ p ~ 2 V L u) > f(x,u,v) on Q, 

|9-2 



(2.1) 



^-div L (\V L v\ q Vlv) > g(x, u, v) on 0,, 



where £1 C R^ is an open set, and f,g : SI x [0,oo) x [0, 00) — s> [0, 00) are Carathedory 
functions. 

Definition 2.1 A pair of functions (u,v) € W^ oc {VL) x W^'f (O) is a weafc solution of 
(|2.ip if f(-,u,v), g(-,u,v) € Lj- (Q), and the following inequalities hold 

f \V L u\ p - 2 V L u- V L 0i > / /(s,u,t#i (2.2) 

/ |Vlw| 9_2 V l u- V l </> 2 > / ff(x,«,^)^ 2 (2.3) 
/or aZZ non-negative functions 4>\, (f>2 E (SI). 

Lemma 2.2 (Weak Harnack inequality [II [23], [25], [26] ) Let Q > p > 1. If u G 

^ifocd^) is a u>ea& solution of 

' -div L (|V L u| p ~ 2 V L u) > on O, 

u > on f2, 

i/ien /or any o~ £ ^0, ®q-^ 1 i/iere exists a constant ch > independent of u such that 
for allR>0 

— / u* 7 ) <CHessinfn. (WH) 



Motivated by the above results, as in [12J, we introduce the following definition. 
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Remark 2.3 Inequality (WH) implies immediately that if u £ Wl'f (M. N ) is a weak so- 
lution of 

'-div L (|V L u| p ~ 2 V L u) > on 



u > 



on 



then either u = or u > a. e. on M. . Therefore, without loss of generality we shall limit 
to study positive solutions. 

Lemma 2.4 (Lemma 3.1 of |12j) Let u : R N — > [0, oo) be a measurable function such 
that essinf K jv u = 0. Assume that (WH) holds with exponent a > 0, then for all e > 



IAr/2 nr"| 
lim — = h 



\B R nT?\ 



R^oo \A 



R/2\ 



where = {x € R : u(x) < e}. 



lim 



Finally, few words on the hypothesis Q > p. This assumption is quite natural since 
the following holds. 

Theorem 2.5 Let u G W^ oc (R N ) is a weak solution of 



'-div L (|V L u| p 2 V L n) > on 



it > 



on 



R N . 



If p> Q, then u is constant. 

See [22] for earlier results of this nature, and [9] for the proof and related theorems in the 
Carnot group setting. 



3 General a priori estimates 

In this section we give some a priori bounds for the solutions of the system of inequalities 

' -div L (\V L u\ p ~ 2 V L u) > f(x,u,v) on Q, 



div L (\V L v\ q 2 Vlv) > g(x,u,v) on Q, 



(3.1) 



u > 0, v > 



on n, 



where, we remind, f2 C W N is an open set and f,g : Q x [0, oo) x [0, oo) — > [0, oo) are 
nonnegative Carathedory functions. 
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Theorem 3.1 Let (u,v) be a weak solution of (\3.1\) . Then for all test functions (f>2, 
every £ > and every a, (3 < 0, we get 

^ (3 2) 



y 2 



w/iere ci := |a| — rf' /p' , C2 := i]~ p /p, r) > 0, c\ := \/3\ — /q' , c~2 '■= H~ q /q, A* > 0? 
U£ := u + £ and v := v + £. 

If rj, \x are so small that ci,c% > 0, then for all a, (3 < and £ > 

o-l+p |Vl<^i! P \ / /" (1-q)( p -1) |V L </>i| p \ 



/ 9(3 
Jn 



V / , _ lg x 1/9 (3 ' 3) 



^-l+ g |V L 02| g \ / /" (l-/3)( 9 -l) |V L 2 



X,U,V)(f>2 < C 3 / V/ — | / V 



where C3 := fa/ci) 1 ^' and C3 := (c^/ci) 1 / 9 '. 

^ u o-l+p jU (l-a)(p-l) G L^^), G L} oc {A R ), with R > suc/i 

t/iat 5 2 i? <s then for all a, /3 < i/iere exisi C4, C4 > for which 

W / 1 r \ Vi { ' 



loci 



\Br\ 

If there exist a > p — 1, 5 > q — 1 suc/i f/iai G L, 1 (O), then 



If., , „ „ / 1 



( P -i)/ CT 



In particular, if (WH) holds with exponent a for u and with exponent 8 for v, then the 
following inequalities hold for some appropriate constants 05,05 > 

If ( y -1 

—7 / f(x,u,v) < c$R p essinfu , 

q-1 ( 3 - 6 ) 



\Br\ 

— \ g(x, u, v) < c 5 R~ g I ess inf v ) 

\ B R\ J B R \ B r J 
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Proof. We shall prove the first inequality of fl3J|, ((331), $M and The 

remaining inequalities will follow similarly. 

Let fa G ^(ft) be a nonnegative test function and set r := dist(supp(0i), dft), ft r := 
{y G ft | dist(y, 9ft) > r}. For e G (0, r) and £ > we define 



w e (x) :- 



£ + f Qr D E (x - y)u{y)dy, if x G ft r , 
0, if x G ft \ ft r , 



where (D e ) e is a family of mollifiers. See [HE]. Thus, choosing wffa as test function in 
(|X2"|) we have 

/ /(x,tt,t;X0i + [a| / |V L «r 2 V L n- V L u; e <-Vi < / (Vl^ 1 |V L </>i|<. 
in in Jn 

Since tu £ — > \^w e — > S/lu in L^ oc (ft r ) as e — > 0, by Lebesgue's dominated convergence 
theorem and by duality, we get 



/(*,«, + |a| / |V L u| p <-Vi < y IVluI^ 1 IVl^K 



n 



where in the last step we have used the Young's inequalities. This completes the proof of 
the first inequality in (|3.2p when I > 0. The case i = follows immediately from the case 
£ > 0, by an application of Beppo-Levi's theorem letting t — > 0. 

In order to prove the first inequality in (j3.3|) . we use <j>i as test function in (|2.2p . Let 
£ > 0, by Holder's inequality with exponent p and (|3.2p we obtain 



f f(x,u,v)fa < [ iv^r^v^i 

Jn Jn 



n 

< ( /" \v L u\ p u ( t- i Ui) 1/p -( (^-^^VL^m 



< 



<*(jf«r 1 ^fci p #~ p ) P ■(^«f- a)(p - 1) i^ir^- p ) P , 



which is the claim for I > 0. An application of Beppo-Levi's monotone convergence 
theorem implies the validity also for t = 0. 

Let (po G ^ (R) be such that < </>o < 1, c^ := || |</>ol p / < Ao _1 ll°o < oo and 



1, if |t| < 1, 
0, if \t\ > 2. 
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Define fa(x) := 4>o(S{5i/ R x)), so that 
[Vi0i(x)|f [^o(5(<y a/Ji x))lf 



|V L 5| < C4>0 WVlSW^BT* < cR-p. 



Hence, using fa as test function in (|3.3j) with £ = 0, we get 

W 

and so, being |^4 R | = w s (2 Q - 1)R Q = (2 Q - 1)\B R \, we have 



f(x,u,v)fa <c 3 ( [ u a - 1+p cR- p ) ^ ( f u^-^-^cR-p 
\Ja r J \Ja r 



1/p 



\Br\ 



f(x,u,v) <c 3 (2^ -l)cR- p 



Br 



|4r| J At 



II, 



a— 1+p 



1/p' 



\Ar\ Ja, 



.(i-«)Cp-i) 



1/p 



which gives (HI, with c 4 := c 3 (2® - l) C(j>Q HVlSH^. 

Estimate (|3.5p easily follows from (|3.4p . by applying Holder's inequality. 
Finally, since (WH) holds, by (|3.5p we obtain 



\Br\ 



i \ (i-p)/ " / i 
< c 4 (l-^) R-p' 



Br 



< c§R p ess inf u 

Br 



\B 2 r\ 



B 2 r 



(p-l)/a 



p-1 



with C5 := C4 (l — 2b')*' 1 (? H 1 ■ Which is the first inequality in (13. 6p and the proof is 
complete. □ 



4 Some Liouville Theorems 

In what follows /, g : 1^ x [0, +00 [x [0, +00 [— s> [0, +00 [ are supposed to be Charatheodory 
functions. Let Q > p, q > 1 and consider the problem, 



div L (|V L n| p -'V L n) > f(x ,u,v), on 



g(x,u,v), on 



(4.1) 



u > 0, v > 0. 

Our first result is the following. 

Theorem 4.1 Let f(x,u,v) = f(v) with f : [0, +oo[— »](), +oo[ be continuous. No extra 
assumption on g. Then has no weak solutions. 
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Proof. If inf^>o f(t) > 0, then the non existence of solutions is a consequence of Theo- 
rem 4.5 with q = in [9]. 

Assume that inf 4 >o f(t) = 0. From (|3.6p we have that for any R > 



iT p fessinf^ > c— |— / /(v) 



Now let < cr < } , R > sufficently large and set := and M 

(essinfe^ u) p ~ l . For R > Rq, we have 



iT p M>c rE J- r / (4.2) 



'\B R \ 



Since h is continuos and positive on [0, +oo[, then there exists a positive convex non- 
increasing function h* such that h(t) > h*(t) > and such that h(t) — > as t — >■ +oo (for 
an explicit construction of h* , see [7]). 

Therefore we obtain 

CR- p > I h(u a ) > I h*(v a ) >h*ll v a ). 

J Br J Br \J Br ) 

Letting R — > +oo in the last inequality we get 

h* ( / v a ) ->• as i? -> +oo. 



Therefore, by construction of /i*, we have 



Since < a < ®q_^ an application of Harnack inequality, implies 



v a — >■ +oo as R — > +oo. 
fin 



ess inf v — > +oo as R +oo. 
This contradiction completes the proof. □ 



Corollary 4.2 Let f(x,v,u) = f(v), g(x,v,u) = g(u), with f,g :]0, +oo[— >]0, +oo[ be 
continuous. If (u, v) is a weak solution of j^. then necessarily 

lim inf git) = = lim inf f(t) (4.3) 
and essinf R jv u = essinf R jv v = 0. 
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Proof. From Theorem 14.11 we easily deduce that (|4.3p holds. 

Set m := essinf R jv v. We shall argue by contradiction. Let us assume that m > 0. Set 

Vi := v — m/2 

and 

hit) :=/(t + m/2). 
Clearly (u, t>i) is a weak soluton of 

-&iv L {\V L u\ p ~ 2 V L u) > fi(vi), on 



-div L (|V LV i| 9 - 2 V LWl ) on I w (4.4) 

u > 0, v\ > 0. 

Since /i is positive in [0, +oo[, from Theorem 14.11 we reach a contradiction. 

Similarly, we deduce that essinf R jv u = 0. The proof is complete. □ 

Theorem 4.3 Let f(x,v,u) = f(v) with f : [0, +oo[— > [0, +oo[ be continuous. No extra 
assumption on g. 

Let (u,v) be a weak solution of (f^.J[ ) and let a := essinf K jv v. Then, f(a) = 0. 

Proof. Since the differential operator appearing in (|4.ip is translation invariant, by 
replacing / with /(• + a)) we shall assume that a = 0. 

We proceed by contradiction assuming m := /(0) > 0. By using the same argument 
and notations of the proof of Theorem 14. II we deduce that (14. 2j) holds and h(0) = m > 0. 
Now, by a standard continuity argument it follows that there exists a% > such that 
h(t) > m/2 for t € [0,ai]. 

Let /i* be the continuous function defined as follows 

„. (();= /*(«.-«> Vo<«s«, (45) 

if t> a\. 



By the convexity of /i*, from f|4.2j) we deduce 



Ci?- p > / h(u a ) > f h*(v a ) >h*(l vA 

J B R J B R \J B R J 



Letting R — > +oo in the last inequality we obtain that 



lim h* f v a = 0. 



R->-+oo 



10 



Therefore, taking into account the construction of h*, we obtain 

liminf +■ v a > a\, 

R-^+ooJ Br 

which, in turn, by Harnack inequality, implies that = essinfjgjv > ac\. This contradiction 
completes the proof. □ 

Corollary 4.4 Let f(x,v,u) = f(v), g(x,u,v) = g(u) with f,g : [0,+oo[— s> [0, +oo[ be 
continuous functions. Let (u,v) be a solution of ip . Then a := essinf K jv v is a zero of 
the function f and ft := essinf R jv u is a zero of the function g. 

Theorem 4.5 Let f(x,v,u) = f(v), with f : [0, +oo[— >]0, +oo[ be a continuous function 
satisfying 

/(*) 

liminf — > (possibly + oo), with a > 0. (/o) 



Let (u,v) be a weak solution of j4-l\ ) such that essinfjgjv v = 0. Then there exists c > 
such that for R sufficiently large, the following estimates hold 

essinf v < aR~ p / a (ess inf u)^ , (4.6) 

b r b r 

[ g(x,u,v) < cR Q ~ q -( q - 1 W a (essmfu) <P ~ 1 * q ~ 1) , (4.7) 
Jb r b r 

q-1 

[ g(x,u,v) <cR Q ' g - Q ^- 1)/a I [ f(v)\ . (4.8) 

Jb r \JA r /2 J 

Moreover i/essinf K jv u = 0, and g(x,u,v) = g(u) with g : [0, +oo[— >]0, +oo[ a continuous 
function satisfying 

liminf > (possibly + oo), with b > 0, (go) 

then we have 

\ ab-(p-l)(q-l) / \ ab-(p-l)(q-l) 

essinf-u < cR-«i-Ph-i) essinfi- < ciT^"^" 1 ), 

Br J \ B R J 

(4.9) 



f(v)dx < c R Q ~ p ^ p - 1) i- Q (V ~ 1 ^ q ~ 1) \ I f(v)dx \ . (4.10) 

Br \J A r/2 J 

Proof. From (fo), we deduce that there exist cj > and e > such that 

f(t) > c f t a for 0<t<e. 



(p-l)(q-l) 
ab 
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Set T£ := {x € M> N : v(x) < e}. From the first inequality of (|3.6p . we have 

c 5 R- p (ess inf uY > — |— / f( v )>J—[ Cf v a > P ^ Cf (ess inf 

Next, since ess inf #^-7^ v > ess inf b r v, from Lemma EH we obtain (14.61) , 

Combining the second inequality in (j3.6j) and f|4.6|) we deduce (|4.7p . Now, in order to 
show that (|4.8p holds, we shall argue as follows. Form (13. 6p we have 

9-1 

< c 5 R- q ( , r f ( ess inf v) a ) 

\ \A R/2 n T? I 7|A fl/2 nT ? | K A R/3 nrs J 

q-l 

< c 5 R-« - ^ ( - f , /(«) J " < 

\A R/2 nT?\ - \ c f J\A R / 3 ray\ J 

q-l 

< c 5 R-i -r - [ , f(v) ) a , 



|^ii/2 nT^|'" V C/ ■'l-AjR/al / 

which, by Lemma 12.41 implies the claim. 

Assume that (go) holds. Then, from the first part of the theorem, for R large, it follows 
that 

ess inf u < cR~ q ^ b (essini v)~b~ , 

Br B r 



p-1 

6 



which, together with ()4.6p . implies the estimates in ()4.9 
Similarly, we have that for R large there holds 



f(v) < cR Q - p - Q ( p -Vl b / g{u) 

Br \JA r /2 J 

which, combined with (14. 8p . implies inequality (|4.10p . thereby concluding the proof. □ 

Theorem 4.6 Let f(x,v,u) = f(v), g(x,u,v) = g(u) with f,g :]0, +oo[— > [0, +oo[ be 
continuous functions satisfing (fo) and (go) respectively. If 

min{Q-j>-(p-l)|, Q-q-{q-l)l}<Q {P ~ l) ^~ l) (4.11) 
then has no weak solution (u,v) such that essinf R jv u = essinf R jv v = 0. 
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Remark 4.7 Notice that condition {1^.11 ) can be also written as 



max {abp + aq(p - l),abq + bp(q- 1)} > Q (ab - (p - l)(q - 1)) (4.12) 
and in the particular case p = q, it reads as 

max{a + p-l,b + p-l}> ® ~ ^ (ab - (p - l)(q - 1)) ■ (4.13) 

p(p - 1) 

Finally, in the special case p = q = 2 all the above conditions become 

O — 2 

max {a + 1,6+1} > (ab - 1) , (4.14) 

which, in the Euclidean case is the inequality discovered in f20f . 



Remark 4.8 Notice that form \J^.12 ), it is evident that if ab < (p — l)(q — 1), then the 
hypothesis J^.ii| ) is satisfied. 

Proof. Assume, by contradiction, that (u, v) is a non trivial weak solution of (|4.ip with 
ess inf R jv u = ess inf R jv v = 0. 

First consider the case ab < (p — l)(g — 1). Clearly condition ([4. lip holds. By letting 
R +oo in (14.9P of Theorem 14.51 we reach a contradiction. 

Let ab > (p — l)(q — 1). Assume that 

From (|4.10p of Theorem 14.51 for any R large we have 



(p-l)(g-l) 
ab 



f(v)dx < c / /(«)di , (4.15) 

Br \JAr /2 J 



which implies that 

ab-(p-l)(q-l) 
ab 



f(v)dx ) < c. 

Br ) 

Therefore, we obtain that f(v) £ L^R^). Hence, from (j4"T5]) it follows that, 

/( v ( x )) = a.e. on R N . 

Using this information in (|4.15|) and the condition (/o), for e > sufficently small, (small 
enough such that f(t) > cjt a for t s]0, e[), we obtain 

c f [ v a < [ f(v)dx = 

Jrp v Jrp v 
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where I? = {x G R : v{x) < e}. 

Now since v ^ 0, by Harnack's inequality v a > a.e. on R , therefore, necessarily 
| = 0. This implies that v > e a.e. contradicting the fact that essinf K ]v u = 0. 

Q-.-fa-l)g<O b '" 1) ' 9 " 1> , 

a ao 

the proof is similar. □ 



Example 4.9 Consider, 

'-div L (|V L nr 2 V L n) > f(v) 



on 



div L (\V L v\ q - 2 V L v) > g(x,u,v), on 



u > 0, u > 0. 



R N , 



(4.16) 



i) If f{v) = v 7 wf/t 7 > and 9 : R w x 1+ x 1+ -^]0,+oo[ is Caratheodory, then 
the problem j^. 16\ ) has no weak solution. 

ii) If f(v) = with 7 > and g : R N x R + x R + — >-]0, +oo[ is Caratheodory, then 
the problem M-lbV has no weak solution. 

Indeed, in both cases the claim follows from Theorem \4-l\ 
Notice that we do not assume any growth assumption on g. 

Example 4.10 Let a E R and let h : R — >-]0, +oo[ be a continuous function. 
Consider, 

-An > v a , on R 3 , 



-An > h(u)(l — cosn), on 



u > 0, v > 0. 



(4.17) 



The problem has no non constant weak solutions. Indeed, in the case a < the 
claim follows from the previous example. Let a > 0. From Corollary \4-4\ it follows that 
ess inf R jv v = and ess inf K jv n = 2/c7r where k is an integer. By traslation invariance we 
can assume that k = 0. Now we are in the position to apply Theorem \4-6[ In this case 
6 = 2 and the hypothesis |^.11[ ), or equivalently H4-14\ )> is satisfied provided 



1 . 1 

maxja + 1,3} > — (2a — 1) = a — — . 



Notice that the above inequality holds for any a > 0. 
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Example 4.11 Let 7, 5 6 R and Zei /i : 

function. Consider the system 



[0, +00 [ 6e a continuous nonnegative 



(-div L (\V LU \ p - 2 S/ L u) > \v-l\\ 



on 



DiV 



divL(|\^w[ 9 2 Vl«) > v d + /i(u, u ), on 



(4.18) 



n > 0, t> > 0. 

Our claim is that this problem has no weak solutions. 

Indeed, in the case 7 < or 5 < 0, this follows by applying Theorem \4-l\ or Corollary 
2.4 of fWj respectively. 



of 



Consider now the case 7, 5 > 0. From Theorem \4-3\ it follows that ess inf K jv v = 1. 
Using this information, and setting v\ := v — 1, we see that (u,vi) is a weak solution 



vj, on 

-div L (\S/ L v 1 \ q ~ 2 V L vi) > I, on 



DiV 



siV 



(4.19) 



n > 0, vi > 0. 

In other words (u,vi) is a weak solution of J^,i| ) with g = g(u) = 1 > 0. An application 
of Theorem \4-l\ implies the claim. 



Example 4.12 Let j,5 > and let h : M + — t-]0,+oo[ be a continuous positve function. 
By an argument similar to the one used in the above example, we can show that the system 

' -div L (|V L u| p ~ 2 V L u) > \v - 1| 7 , on R N , 



-div L (\\7 L v\ q ~ 2 V L v) > v s h(u), 



on 



(4.20) 



u > 0, v > 0, 
has no weak solutions. We omit the details. 



5 Some Extensions 

In what follows we suppose that /, g : R N x]0, +oo[x]0, +oo[— >• [0,+oo[ are two nonnega- 
tive Charatheodory functions. 

Let p\,P2 > 1 and for i = 1,2, srf Pi : M. N x R x R l — > R l denotes a Caratheodory 
function. We assume that the function srf Vi is W-pi-C, weakly-pi- coercive, namely there 
exists a constant k > such that 

(j* Pi (x,t,£) ■£) > k\^ Pi {x,t,0\ p>i for all (x,t,£) € R N x R x R*. (W-ft-C). 
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See [21 [221 [23] for details. 
Consider the following, 



-divi(j^i(x, u, V^u) > f(x,u,v), on 



-diyL(^(a;, v, Vlv) > g(x,u, v), on 



pJV 



(5.1) 



u > 0, v > 0. 

As usual, a pair of functions (u, u) G M^'focO^) x ^i'foc^^) ^ s a wea ^ solution of 



([Ell) if /(•,«, u), </(■,«, «), I An (;u, V L u)\^ , |A P2 (-,v, V L v)\ p - G Lj oc (R N ), and 



(st p {x,u, V L u) ■ V L (f){) > / f(x,u,v 



(5.2) 



(£/ q (x,v, V L v) ■ V L <p 2 ) > / g(x,u,v)4> 2 (5.3) 

for all non-negative functions <j>\, <j)% G ^J" 0^0- 

We shall assume that Q > P« > 1- This restriction is justified by the fact that an 
analogue of Theorem 12.51 holds . Namely, if w is a weak solution of the problem (|5.4|) below 
and pi > Q, then w is a constant. See [9]. 

Furthermore we shall suppose that a weak Harnack inequality (WH) holds for solutions 

of 

-div(af Pi (x,w,V L w)) > on R N , 

i = 1,2. (5.4) 



w > 



on 



siV 



Namely, for i = 1, 2 there exists cij > pi — 1 and ch such that if w is a weak solution of 
(|5.4p . then for any i? > we have 



1 



|5 fl | 



u i 

w 



Br 



1/cri 



< ch essinf w. 



B 



(WH) 



R/2 



Examples of operators for which the weak Harnack inequality holds are given by the 
following. 

Lemma 5.1 (Weak Harnack Inequality, see 15]) Let Q > p% > 1. Let srf Pi be S-pj-C 
(strongly-pi- coercive), that is there exist two constants k,h > such that 

(J2/ Pi (x,t,£) -0 > h\£\ Pi > k\£/ Pi (x,t,£)\ p i for all (x,t,£) eK^xlxl 1 . (S-pt-C) 



Then for any o~i G (0, ^fej^ ) i/iere exists c# > swc/i that for any u G W^'f^ c (M. N ) weak 
solution of \5.4\ ), and R > 0, (WH) holds. 
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The results of the previous Section can be reformulated for the problem (|5.ip as follows. 



Theorem 5.2 Let f(x,v,u) = f(v) with f : [0, +oo[— »]0, +oo[ be continuous. No extra 
assumption on g. Then 115. 1\) has no solutions. 

Corollary 5.3 Let f(x,v,u) = f{v), g(x,v,u) = g{u), with f,g :]0, +oo[— >]0, +oo[ be 
continuous. If (u, v) is a solution of \5.1\) . then holds and essinf R jv u = essinf R jv v = 
0. 

Theorem 5.4 Let srf Pi = &f Pi (x,£) for i = 1,2. Let f(x,v,u) = f(v) with f : [0, +oo[— > 
[0,+oo[ be continuous. No extra assumption on g. Let (u,v) be a weak solution of \5. 1\) 
and let a := essinf K jv v. Then, f(a) = 0. 

Theorem 5.5 Let f(x,v,u) = f(v), with f : [0, +oo[— >]0, +oo[ be a continuous function 
satisfing (fo). Let (u,v) be a weak solution of \5. 1\) such that essinf R jv v = 0. Then there 
exists c > such that for R sufficiently large, the following estimates hold 

essinf v < -R~ Pl//a (essinf u) E2 ^~ , (5.5) 

Br Br 

[ g(x,u,v) < cI&-™-to- 1) n /a (essMu) lP1 ~ 1) « P2 ~ 1 \ (5.6) 
Jb r b r 

g(x,u,v) <cR Q ~ P2 - QiP2 - 1)/a I [ /(«)] . (5.7) 

Br \JAr/2 J 

Moreover if ess inf K jv u = and g(x,u,v) = g(u) with g : [0, +oo[— »]0, +oo[ a continuous 
function satisfying (go), then we have 



I essinf uj < CjR -aP2- P i( P2 -l) ) ( 58 ) 

/ \ a6-(pi-l)(p2-l) 

I essinf vj < c r-^pi-»(w-i) ) (5.9) 



f(v)dx < cfiQ-Pi-fa-^x-Q ^ 1 'aP 1} ( / ) (5.10) 



(p 1 ~l)(p2~l) 



Theorem 5.6 Let f(x,v,u) = f(v), g{x,u,v) = g(u) with f,g :]0,+oo[— > [0, +oo[ be 
continuous satisfying (fo) and (go) respectively and assume that IV) holds. Then 115.1]) 
has no weak solution (u,v) such that essinf K iv u = essinf^jv v = 0. 

Remark 5.7 As a final observation, we point out that most of the results proved in this 
section hold for systems associated to (W-p-C) operators and power nonlinearities. We 
refer the interested reader to fBjand \22] for the Euclidean setting, and to fWjj for precise 
formulation and interesting open problems in the Carnot group framework. 
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6 Appendix 



We quote some facts on Carnot groups and refer the interested reader to [U [TBI E! f° r 
more detailed information on this subject. 

A Carnot group is a connected, simply connected, nilpotent Lie group G of dimension 
N with graded Lie algebra Q = V\ © • • • © V r such that [Vi, Vi] = Vi+\ for i = 1 . . . r — 1 
and [Vi, V r ] = 0. Such an integer r is called the step of the group. We set I = n\ = dim V\, 
ri2 = dimV2,...,ra r = dimV^.. A Carnot group G of dimension N can be identified, 
up to an isomorphism, with the structure of a homogeneous Carnot Group (R , o, 5r) 
defined as follows; we identify G with R N endowed with a Lie group law o. We consider 

R N split in r subspaces R N = W n x W 12 x • • • x W lr with m + n 2 H h n r = N and 

£ = (C (1) ,...,^ (r) ) with £W G M n \ We shall assume that for any ft > the dilation 
$r(Q = C^C j R 2 ^ 2 \ ■ ■ ■ , R r ^ r ^) is a Lie group automorphism. The Lie algebra of left- 
invariant vector fields on (M. , o) is Q. For i = 1, . . . , m = llet Xi be the unique vector field 
in that coincides with d/d(j^ at the origin. We require that the Lie algebra generated 
by Xi, . . . , Xi is the whole Q. 

We denote with Vl the vector field Vl ■= (X±, . . . , Xi) T and we call it horizontal 
vector field and by div^ the formal adjont on Vl, that is (|6.2p . Moreover, the vector fields 
X\ , . . . , Xi are homogeneous of degree 1 with respect to Sr and in this case Q = Yll=i * n i = 
^[ =1 zdimVi, is called the homogeneous dimension of G. The canonical sub-Laplacian on 
G is the second order differential operator defined by 

i 

A G = ^X? = div L (V L -) 

8=1 

and for p > 1 the p-sub-Laplacian operator is 

i 

A GyP u :=Y,Xi(\^Lu\ p ~ 2 X iU ) = div L (|V L ur 2 V L u). 

i=l 

Since X\, . . . , Xi generate the whole Q, the sub-Laplacian A G satisfies the Hormander 
hypoellipticity condition. 

In this paper V and | • | stand respectively for the usual gradient in R N and the 
Euclidean norm. 

Let \x e ( to(R N ; M!) be a matrix fi := (//y), i = 1, . . . , I, j = 1, . . . , N. For i = 1, . . . , I, 
let Xi and its formal adjoint X* be defined as 

N 8 N 8 

i=i J ' j=i 3 ' 

and let V L be the vector field defined by Vl := (Xi, . . . , Xi) T = fiV and V L * := (XI,..., Xf) 
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For any vector field h = (hi, . . . ,hi) T € ^ (^l,R l ), we shall use the following notation 
diyt(h) := div( / u T /i), that is 

l 

div L (h) = -J2 x *hi = -V L * • h. (6.2) 
i=i 

An assumption that we shall made (which actually is an assumption on the matrix /x) 
is that the operator 

A G u = div L (V L u) 

is a canonical sub-Laplacian on a Carnot group (see below for a more precise meaning). 
The reader, which is not acquainted with these structures, can think to the special case of 
fj, = I, the identity matrix in M. N , that is the usual Laplace operator in Euclidean setting. 

A nonnegative continuous function S : R N — > M.+ is called a homogeneous norm on 
G, if S^ 1 ) = S(£), S(£) = if and only if £ = 0, and it is homogeneous of degree 
1 with respect to 5r (i.e. S(8r(£)) = RS(£)). A homogeneous norm S defines on G a 
pseudo-distance defined as d(^,rj) := S , (^ -1 ??), which in general is not a distance. If S and 
S are two homogeneous norms, then they are equivalent, that is, there exists a constant 
C > such that C~ 1 S(£ t ) < S(£) < CS(£). Let S be a homogeneous norm, then there 
exists a constant C > such that C" 1 |£| < S(£) < C |£| 1/r , for S($) < 1. An example of 

homogeneous norm is £(£) := ^X][=i l£«| 2r! ^) 

Notice that if S is a homogeneous norm differentiable a.e., then \VlS\ is homogeneous 
of degree with respect to 5r; hence \VlS\ is bounded. 

We notice that in a Carnot group, the Haar measure coincides with the Lebesgue 
measure. 

Special examples of Carnot groups are the Euclidean spaces M9. Moreover, if Q < 3 
then any Carnot group is the ordinary Euclidean space MP. 

The simplest nontrivial example of a Carnot group is the Heisenberg group M 1 = R 3 . 
For an integer n > 1, the Heisenberg group H n is defined as follows: let £ = (£ (1) ,£ (2) ) 
with £W := (x\, . . . , x n , yi, . . . , y n ) and l;^ := t. We endow R 2n+1 with the group law 
£o£ := (x + x,y + y,t + t + 2 X^ILiO*^ ~~ XiVi))- We consider the vector fields 

d d d d 
x i-=x h 2 ^^7' y * := a 2xi «7' for « = 1, . . . , n, 

and the associated Heisenberg gradient Vf/ := (A l5 . . . , X n ,Y]_, . . . , Y n ) T . The Kohn Lapla- 
cian Ajj is then the operator defined by Ah := Y17=i X i + • ^ ne family of dilations 
is given by £r(£) := (Rx,Ry,R 2 t) with homogeneous dimension Q = 2n + 2. In H n a 

canonical homogeneous norm is defined as \£\ H := ((X^=i + Vi) 2 + 
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